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On non-contractible hyperbolic periodic orbits and 
periodic points of symplectomorphisms 


Marta Batoreo 


Abstract. We prove the existence of infinitely many periodic points of symplectomor¬ 
phisms isotopic to the identity if they admit at least one (non-contractible) hyperbolic 
periodic orbit and satisfy some condition on its flux. The obtained periodic points cor¬ 
respond to periodic orbits whose free homotopy classes are formed by iterations of the 
hyperbolic periodic orbit. Our result is proved for a certain class of closed symplectic 
manifolds and the main tool we use is a variation of Floer theory for non-contractible 
periodic orbits and symplectomorphisms, the Floer-Novikov theory. 

For a certain class of symplectic manifolds, the theorem generalizes the main results 
proved for Hamiltonian diffeomorphisms in [GG14] and for symplectomorphisms and 
contractible orbits in [Batl5j. 
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1. Introduction and the main result 


In this paper, we prove that given a non-contractible hyperbolic periodic orbit of a 
symplectomorphism isotopic to the identity there are infinitely many periodic points pro¬ 
vided the symplectomorphism satisfies some constraints on its flux. The result holds for 
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certain symplectic manifolds such as products of some surfaces with complex projective 
spaces (see Section 1.1 for more details). 

The main theorem of this paper fits into the conjecture originally (as far as we know) 
stated by Hofer and Zehnder claiming (see [HZ11, p.263]) 

"(...) that every Hamiltonian map on a compact symplectic manifold (M, oj) possessing 
more fixed points than necessary required by the V. Arnold conjecture possesses always 
infinitely many periodic points." 

For instance, the expected bound for CP n is n + 1. This conjecture was motivated 
by the results of Gambaudo and Le Calvez in [GLC99] and Franks in [Fra88] (see also 
[Fra92, Fra96]) where they prove that an area preserving diffeomorphism of S 2 with more 
than two fixed points has infinitely many periodic points; see also [BH12, CKR + 12, Kerl2] 
for symplectic topological proofs. 

More accurately, our result fits in a variant of this conjecture described by Giirel in 
[Giirl3, Giirl4]; see also [GG14], This version suggests the presence of infinitely many 
periodic points provided the existence of a fixed point which is unnecessary from a ho¬ 
mological or geometrical perspective. In fact, Theorem 1.1 asserts that, for a certain 
class of symplectic manifolds, a symplectomorphism isotopic to the identity with a (non- 
contractible) hyperbolic periodic orbit possesses infinitely many periodic points, as long 
as it satisfies some condition on its flux. The theorem is a symplectic analogue of a result 
proved in [GG14] for Hamiltonian diffeomorphisms and also generalizes the theorem in 
[Batl5] for contractible periodic orbits of symplectomorphisms. Moreover, in dimension 
greater than two, the conjecture for Hamiltonian diffeomorphisms is proved in [GiiiT3] 
and [Giirl4] where the fixed points are assumed to be unnecessary from a homological 
perspective. 

Recall that, in general, a symplectomorphism need not have periodic points, as is the 
case of 0 : T 2n —* T 2n defined by 

i^(x, y) = (x + 9, y) with 9^ 1, 

whereas, for many symplectic manifolds, a Hamiltonian diffeomorphism has an infinite 
number of periodic points. In fact, Conley conjectured ([Con84]) the existence of infinitely 
many periodic orbits of a Hamiltonian diffeomorphism on the 2-torus and the statement 
has now also been proved, e.g. for negative monotone manifolds or symplectic manifolds 
with Ci1 7r 2 ( m) = 0; see [CGG13, GG09, Heil2] and also [FH03, GinlO, GG12, Hin09, LC06, 
SZ92], Observe that in the conjecture mentioned above described by Giirel there is an 
assumption, for instance, on the existence of a periodic orbit of a certain geometrical type. 
This is in contrast with the Conley conjecture which is unconditional. Hence, owing to 
the above example we expect some condition in order for a symplectomorphism, which is 
not necessarily a Hamiltonian diffeomorphism, to have infinitely many periodic points. 

1.1. Existence of infinitely many periodic orbits. Consider a closed monotone sym¬ 
plectic manifold (M 2n ,uj) with minimal Chern number c™ 11 and toroidal minimal Chern 
number cj n 0 (for the exact definitions see (2.1) and (2.3), respectively). We denote by 
q the generator of the Novikov ring A = Z 2 [g _1 ,g] normalized with degree —2cj mn (see 
Section 2.2). 
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Given a homotopy class (with fixed end points) of a symplectic isotopy, [0 t ], connecting 
the identity to some symplectomorphism 0, we denote by g the cohomology class on CM 
(i.e. the space of loops in M) 

g: = —[a;] + ev*(Flux[0 t ]) G 

where [a;] is the cohomology class in H 1 (CM;W) associated with the symplectic form oj 
(see Section 2.2), ev: CM —> M is the evaluation map x (->■ a;(0) and Flux([0 i ]) is the 
image of the class [0 t ] by the homomorphism (see Section 2.3) 

Flux: Symp 0 (M,u) —> H l (M, M); [0 t ] H> 

The following theorem on periodic orbits of symplectomorphisms is the main result of 
this paper. 

Theorem 1.1. 

Let (M 2n , u>) be a closed, connected, strictly spherically monotone symplectic manifold. 
Assume that 

T) 

r mm >_Li 

C 1,T — 2 ' F 

P*a = q [M} in HQ.(M) = H*(M) ® A (1.1) 

for some ordinary homology classes a, (3 G H^AT) with deg(a), deg(/3) < 2 n and 

either cf m = or deg(a) > 3n + 1 — 2 c™“. ( 1 . 2 ) 

Then any symplectomorphism 0 in Symp 0 (M,uj ) with 

( 1 ) a hyperbolic (non-contractible) periodic orbit with free homotopy class (, 

( 2 ) g and cf strictly toroidally proportional and strictly f-toroidally proportional 

has infinitely many periodic points. 

The corresponding periodic orbits lie in the free homotopy classes formed by iterations 
of the hyperbolic periodic orbit 7 . 

The conditions in the hypotheses of this theorem involve both the manifold and the 
symplectomorphism. 

Among the manifolds meeting the requirements of Theorem 1.1 are products of sur¬ 
faces with genus greater than or equal to two, C g > 2 , and complex projective spaces (see 
Examples 1 and 2 and Remark 9). These manifolds satisfy the first requirement in (1.2). 
More generally, instead of S s > 2 , we may consider closed Kahler manifolds with negative 
sectional curvature (e.g., complex hyperbolic spaces); see, e.g., [Giirl3] for a discussion of 
these manifolds. 

The hyperbolicity assumption (i) on the orbit 7 is crucial (see Remark 13). Ginzburg 
and Giirel ([GG14, Section 3]) proved that the energy required for a (Floer-Novikov) 
trajectory to approach a fc-th iteration of 7 and crossing its fixed neighborhood is bounded 
from below by a strictly positive constant independent of k. The requirement that 7 is 
hyperbolic is so that the orbit has the feature just mentioned and which is described 
in Section 3.1. Hence, more generally, there are infinitely many periodic points if in 


oo(X t , ■)dt 


uo 




page 4 of 22 


the hypotheses of Theorem 1.1 the hyperbolicity condition is replaced by the property 
described in Theorem 3.1. 

Condition (ii) involves both the manifold and the symplectomorphism (f). It gives con¬ 
straints on the flux of an isotopy {c f> t } (connecting id and 0). Here, there is a relation 
between the cohomology classes g and cf on the loop space CM. As explained in the 
beginning of this section, the class g depends on the cohomology class of the symplectic 
form co and on the flux of the considered isotopy and the class cf depends on the 
first Chen class of the manifold. There are maps meeting these requirements. Namely, 
consider on M = E 9 > 2 x CP" a symplectic isotopy = fpt x id: M —y M where is 
a symplectic isotopy of E 9 > 2 and id: CP" —> CP" is the identity map on CP". Let 7 be 
a (non-contractible) periodic orbit of (j) t in M with free homotopy class (. Assume also 
that Flux([0 t ]) G and [a;] G are positively proportional on 717 (£M) 

and on tti(C^M), i.e. 


ev* F lux () | Til ( £M) = Ai[o;]| ni (CM) and ev*Fhix([0 t ])| 7ri(£fM) = X 2 [^]\n 1 (c c M) 

for some positive constants Ai,A 2 > 0. Since M is strictly spherically and toroidally 
monotone, such an isotopy (j) t satisfies condition (ii). (Cf. [Batl5, Proposition 1.2 and 
Example 1] for the case where 7 is contractible.) 

Moreover, if the periodic orbit 7 is contractible, then, when the manifold M is toroidally 
monotone and c™ m = c™“, Theorem 1.1 generalizes the main results in [Bat 15] and 
[GG14], 

1.2. Acknowledgments. The author is grateful to Viktor Ginzburg for valuable discus¬ 
sions. Part of this work was carried out at ICMAT. The author would like to thank the 
institute for their warm hospitality and support. 

2. Preliminaries 

In this section, we introduce the notation used throughout the paper and review some 
facts needed to prove the results. 

2.1. Symplectic manifolds. Let (M 2n ,co) be a closed (i.e. compact and with no bound¬ 
ary) symplectic manifold and consider an almost complex structure J on TM compatible 
with co, i.e. such that g(X, Y) := co(X, JY) is a Riemannian metric on M. 

Since the space of almost complex structures compatible with co is connected, the first 
Chern class C\ G H 2 (M ; Z) is uniquely determined by co. The minimal Chern number of a 
symplectic manifold (M, co) is the positive integer c™ m which generates the discrete group 
formed by the integrals of C\ over the spheres in M , i.e., 

( Cl ,7T 2 (M)) = c” in Z (2.1) 

where c™ m G N with the convention c™ m = 00 if the image of c±: 7 r 2 (M) —> Z is 0. 

The symplectic manifold ( M,co) is called spherically monotone if the integrals of the 
cohomology classes C\ and [cu] over spheres satisfy the proportionality condition 

[^] |tT2(-M) AsCiI^m), 
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for some non-negative constant G M. If [w]|,r 2 (M) and C\ \ n . 2 (u) are non-zero, then we say 
that (M,oj) is strictly spherically monotone. Observe that, in this case, c™ m < oo. 

2.2. Loop spaces. In this section, we follow [BH01], [O 110 O 6 ] and references there in. 

Let CM := C°°(S 1 , M) be the space of smooth free loops in M where S 1 = M/Z. The 
first Chern class Ci G H 2 (M\ Z) of (M,oj) defines a cohomology class 

cl G H\CM ; Z) = Horn (H^CM; Z), Z), 

by interpreting a class in Hi(CM\ Z) as a linear combination of tori, i.e. maps S 1 x S 1 —» 
M, and cf as integrating Ci over it. Similarly, [a;] G gives rise to a cohomology 

class 

P G H\CM;R) = Hom(i7 1 (CM ; Z), M). 

The manifold (M, cu) is called atoroidal if the cohomology classes cf and [a;] satisfy the 
conditions 


MItti (CM) — 0 — Ci | tti(CM) ■ 

i.e. 

f v*u = 0 = / v*p for all v : S 1 x S 1 —> M , 

J S 1 xS 1 JS 1 xS 1 

where rj is a 2-form in M that represents the first Chern class Ci G H 2 (Ad ; Z). 

Moreover, (M, co) is called toroidally monotone if 

MIttiOCM) = 

for some non-negative constant At G i and, if [u;]| ^{CM) and Ci\ ni (CM) are non-zero, the 
manifold is called strictly toroidally monotone. 

Given a cohomology class [6] G i7 1 (M;M), we consider the following cohomology class 
on the loop space CM 

g ■= + ev *[9} g H\CM ; M) 

where ev: CM —>■ M denotes the evaluation map £ i-G x(0). 

We say that g and cf are toroidally proportional if 

QWi(CM) = •A e Ci| 7ri (£M) 

i.e. 


— / n*o; + f Vq 6 — \ e f v*r] for all v : S 1 x S 1 —> M, 

Js 1 xs 1 is 1 isixs 1 

for some non-negative G M, where Vo: S 1 —> M is given by no = n(-,0) and p is a 
2 -form that represents the class ci. 

If q\-ki(cm) and CiUpcM) are non-zero, we say g and ci are strictly toroidally proportional. 
Moreover, we say that g is rational if the group of integrals of g over tori is discrete, 

i.e., 


(g, tti(CM)) = h e 7L 


(2.2) 
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for some non-negative h g G M. Notice that if g and cf are strictly toroidally monotone 
then g is rational and if [6] = 0 then g and cj~ are toroidally proportional if and only if 
(M,oj) is toroidally monotone. 

Define the toroidal minimal Chern number c" 1 ™ 6 N by 

c”“Z=(cr,7r 1 (£M)), (2.3) 

with convention c“™ = oo if the image of cf: 7 Ti(CM) —> 7L is 0, and hence, when g and 
cl are toroidally proportional, we have 

y? = (k (2.4) 

Moreover dehne 


z/y :— 


„min 

yi_ 

..rniri 

l 1 ,T 


> 0 . 


Notice that cfft ^ 0 and, when M is strictly spherically monotone, c™ m < 00 . 


(2.5) 


Example 1. Consider M = CP” x E 9 > 2; where E 5 >2 is a surface with genus greater than 
or equal to 2. The surface E 9 >2 is aspherical and atoroidal and c™“(CP") = c™ m (CP n ) = 
n + 1. Hence, the toroidal minimal Chern number of M is c™“(M) = c™ n (M) = n + 1 
(see, e.g., [MS12] for more details). In Theorem 1.1, the assumption on the minimal 
Chern number 


in this case, is 


which is equivalent to n > 1. 


cff(M) > dim(M)/4 + 1, 


n + 1 > 


n + 1 
2 


+ I; 


Let C be a free homotopy class of maps S 1 —> M , (i.e. let ( G 7 r 0 (£M)), £x a reference 
loop z G C and a symplectic trivialization of TM along z. Denote by C^M the component 
of CM with loops in the free homotopy class f (i.e. C^M = pf) ((") is the preimage of f 
under the natural projection p Wo : CM — > tt 0 (CM)). 

Consider the connected abelian principal covering p\ C^M —>■ C^M with structure 
group 

:= 

ker Ci D ker g 

where cf and g are considered as homomorphisms tti(C^M) —> M and we have p*g = 0 = 
p*C\ G ih 1 (£^M;M). These homomorphisms induce homomorphisms on T^: 

cT: —)■ Z and g: T^ — > M. 

Dehne the (-minimal Chern number c™ n G N by 

c^ n Z = (cl, #i(£ c M; Z)) C Z (2.7) 

with the convention c™ n = 00 if the image of cf: Hi(C^M; Z) —>• Z is 0. The number c™ n 
depends only on (M, a;, C). 
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Remark 1. If ( is trivial, the minimal Chern number c™£L 0 is the usual minimal Chern 
number c™ m as defined in (2.1) but in general it is smaller. Indeed the diagram 


Ri(£ C M; Z)-— Z (2.8) 

Cl 

7Ti(£ c M)^-7T 2 (M). 

commutes, where, if we denote by Q(M, z(0)) i/ie space of based pointed loops with base 
point z(0), the bottom mapping 7t 2 (M) = 7Ti(fl(M, z(0)) —» is induced from 

the mapping Q(M,z( 0)) —>■ CM given by concatenating a loop based at z(0) with z. Then 
c™ n < oo if and only if c™ in < oo and, in this case, c ™ 11 divides cf m (see also Remark 10). 

We interpret a class in H 1 (C ( ^M; Z) as a linear combination of tori, i.e., maps v: S 1 x 
S 1 —)■ M such that the homotopy class of v(s,-): S 1 — » M is £, for all s G 5 1 . The 
cohomology classes q and cf are said strictly ^-toroidally proportional if 


BURc^m) — kciUi(c c M), 

for some A^ > 0, and g\ ni (c c m) ^ 0 ^ ciUi(£ c m) (see also [PS, Section 8 ]). In fact, if g 
and cl are also toroidally proportional, we have A( = A e and moreover 

{g,7Ti(C^M)) = h(fL 

for some non-negative h^ G M. Observe that, in this case, cffi 0 divides c™t n < oo and, 
hence, we have 


with h c = dff/d$h e G N. 


h C = 


,min 


„min 
C 1 ,T 


8i 


(2.9) 


Remark 2. If g and C\ are strictly toroidally proportional and ^-toroidally proportional, 
then, when u T = 1 (recall (2.5 ) ), cf n = cfiff = . 


2.2.1. The covering space C^M. Consider the space of pairs (x,v) where x: S 1 —> M is a 
loop in M with homotopy class ( and v a cylinder (i.e. v: [0,1] x S 1 —> M is a homotopy) 
connecting x to 0 . The cylinder v is called a capping of x. 


Remark 3. Observe that if ( is the trivial homotopy class and z is a constant loop then 
v can be viewed as a disc in M. 


We say that (x, v) is in relation with (x', v') if the following conditions hold: 


x = x , 


>S 1 xS 1 


u*p = 0 


and 


U*U! = / Uo*0 


>S 1 xS 1 


’ s 1 


where u is the two-torus obtained by attaching v and —v’ (that denotes v 1 with reversed 
orientation) to each other, 77 is a 2-form representing the first Chern class Ci and Uq = 
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M lsix{o} (see Figure 1). The equivalence class x = [x, u] is called a lift of the loop x G CqM 
and the space of such equivalence classes is denoted by CqM. 



2.3. Periodic orbits and the action functional. In this section, we follow [BH01], 
[L095] and references there in. 

Let 0 G Symp 0 (M), 0 f be a symplectic isotopy connecting 0 O = id to 0i = 0 with 
Flux([0 t ]) =: [0] and X t be the vector held associated with 0 t , i.e. 


d_ 

dt 


</>t 


X t o (j) t . 


Recall that Flux: Symp 0 (M, u) —> is the homomorphism defined by 


[&] ^ 


uj(X t , ■)dt 


L^o 


( 2 . 10 ) 


and its kernel is given by Ham(M, uu), i.e. the universal covering of the group of Hamil¬ 
tonian diffeomorphisms. 

Le and Ono proved in |L095, Lemma 2.1] that we can deform {0 t } through symplectic 
isotopies (keeping the end points fixed) so that the cohomology classes [uj{X' t , •)], for all 
t G [0,1], and Flux([0(]) = [0] are the same (where X' t is the vector held associated with 

the deformed symplectic isotopies 0(). Namely, each element in Symp 0 (M, uj) admits a 
representative symplectic isotopy generated by a smooth path of closed 1-forms 9 t on M 
whose cohomology class is identically equal to the hux, i.e. 


-Lu(X' t ,-) = 6 + dH t =:6 t (2.11) 

for some one-periodic in time Hamiltonian H t \ M —> M, t G S 1 . 

The hxed points of 0 = 0i are in one-to-one correspondence with one-periodic solutions 
of the differential equation 


x(t) = X dt (t,x(t)) (2.12) 

where Xg t is defined by uj(Xg t , ■) = —9 t . From now on we denote the vector held Xg t by 

z t . 
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The set of one-periodic solutions of (2.12) is denoted by V(8 t ) and coincides with the 
zero set of the closed 1-form a := defined on the loop space of M, CM , by 

a {4>t}( x ’0 = / u{±{t) - Z t (x(t)),g)dt 

Jo 

u(x(t)A) + 0 t (x(t))(g)dt 



[ u)(x(t),£)dt+ f (9 + dH t )(x(t))(£)dt 
'0 Jo 


where x G CM and f G T X CM (i.e. f is a tangent vector held along the loop x). 
From (2.6) we then see that p*a = dA for some A G C°°(C^M, M). 

Then an action functional A = Ai^y is given by 


= ~ v*uj + 

JlOMxS 1 Jo L 


v t )*9 + H t (x(t )) 


dt 


(2.13) 


where [x,u] G C^M is as in Section 2.2.1 and v t : [0,1] —> M is dehned by s i —> v(s,t ) (see 
Figure 2). 



FIGURE 2 . The segment v t . 

The action functional A{<p t } is homogeneous with respect to iterations in the following 

sense 

where [x,v] k is the h-tli iteration of [x,v], and satishes 

Ai<k}([ x > v ]# A ) = Aw([ x d]) + e( A )> 

where A G 7Ti(C^M,z). 

Remark 4. (1) The action of a (lifted) periodic orbit depends on the initial choice 

of z. If z' G (, there is a homotopy F: [0,1] x S 1 — > M connecting z to z', i.e., 
F( 0, •) = z and F( 1,-) = z'. Then A{<f, t }([x,v]#F) = A{fa}([x,v]) + A(F) where 
[x,v]fJF denotes the class [x,w\ with w the cylinder obtained by concatenating v 
with F and 

F*co + [ ( / F*6)dt 
IjxS 1 Jo Jo 
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with F t : [0,1] —>■ M, F t (s) := F(t , s),t E S 1 . 

(2) Whenever we consider the k-th iteration <f k of 4> t we simultaneously iterate the 
class ( and the reference curve z (i.e. we pass to k( and z k , respectively). 

2.4. The mean index and augmented action. Let x be a periodic orbit of Z t . If the 

eigenvalues of the map 

d<f> x ( o) : T x (o)M —> T x (q)M 

are not equal to one, then the orbit x is called non-degenerate. If, in addition, none of the 
eigenvalues of the linearized return map d(f> x (o) has absolute value equal to one, then we 
say x is hyperbolic. The symplectomorphism <f> is said to be non-degenerate if all its one- 
periodic orbits are non-degenerate. Moreover, if all periodic orbits of Z t with homotopy 
class ( are non-degenerate, then the set of periodic orbits of Z t in C(M, denoted by 
is finite. 

The homotopy class ( gives rise to a well defined, up to homotopy, C-vector bundle 
trivialization of x*TM for every x E and, for a one-periodic orbit of </>, the linearized 
flow along x 

deft'- T x (o)M —> T x ( t )M 

can be viewed as a symplectic path <L: [0,1] —> Sp(2n). Set V( P~ l (Vc)- Then one 
gets a well defined mean index —> M and, for non-degenerate orbits, the Conley- 

Zehnder index p cz ([x,v]) G Z satisfying 

A {<h}([ x > v ]# A ) = A {4>t}(i x ’ v ]) ~ 2 M A ) 

and 

hcz([^T ; ]#^4) = A i cz([ic, n]) — 2ci(A) (when x is non-degenerate), 
for every [x,v] E V( and A E (cf. [BH01] and [SZ92]). Moreover 

o ^ |A {<m ([z,v]) - fioz([x,v])\ < n, (2.14) 

when x is non-degenerate. The mean index A{ 0 q([a;, r(|) G M measures, roughly speaking, 
the total angle swept by certain eigenvalues with absolute value one of the symplectic 
path induced by the linearized flow and a trivialization as above. 

Remark 5. The Conley-Zehnder index depends on the initial choice of the trivialization 
ofTM along z; see [BH01, Section 3]. 

The augmented action is defined by 

A{4> t }([x,v]) := A {M ([x,v}) - ^A {M ([x,v}) (2.15) 

and it is homogeneous with respect to iterations in the following sense 

A { tf } ([x,v] k ) = kA {M ([x,v]). 

Remark 6. Note that the augmented action is independent of the lift of a loop, i.e. 

A {M ([x,v]) = A Wt} ([x,v']) 
where v and v' are cylinders connecting x to z. 
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2.5. The Floer—Novikov homology. In this section, we revisit the definition of the 
Floer-Novikov homology for non-contractible periodic orbits following [BH01] . Consider 
a smooth almost complex structure J on M compatible with u>, i.e. such that 

g(X,Y) :=cu(X, JY) 

defines a Riemannian metric on M. We will denote by J the set of almost complex struc¬ 
tures compatible with oj. Choose J G J and let g denote the induced weak Riemannian 
metric on CM given by 

g(X x ,Y x ) = [ g(X x {t),Y x {t))dt, 

Js 1 

where X x and Y x are vector helds along x. A gradient flow line is a mapping a: KxS 1 -> 
M satisfying 

d s u + J(d t u — Z t (u(s, t))) = 0. (2.16) 

The maps u: M —> CM which satisfy (2.16) with boundary conditions 

lim u(s,t ) = x±(t) G Vc, (2-17) 

s —^ioo 

can be seen as connecting orbits between x _ := [x_, n_] and x + := [x + , v + \ in CqM where 

v ~#u = v + . (2.18) 

We denote by M(x-, x + ) the space of finite energy solutions of (2.16-2.17) that transform 
cappings as in (2.18). The energy of a connecting orbit in this space is given by 

E(u) := / \d s u\ 2 g dsdt = A { <p t} (x + ) - A { <p t} (x_). 

JRxS 1 

For any x_, x + G V(, the space M(x-, x+) is a smooth manifold of dimension 
p cz (x + )— fi cz (x-). It admits a natural M-action given by reparametrization. Forx_, x + G 
such that p cz (x + ) — p cz (x-) = 1, we have that M.(x_, x + )/M is finite and set 

ri 2 (x, y) := #Af(x, y) modulo two. 

Denote by V the subset of V^ whose elements x satisfy (jl cz (x) = k. Consider the 
chain complex where the fc-th chain group Ck consists of all formal sums 

''y ] y,x ■ x 


with x G £x £ Z 2 and such that, for all c G M, the set 

{x | ^ 0, A { <t> t }(x) > c} 

is finite. For a generator x in Ck, the boundary operator dk is dehned as follows 


dk{x) = ^ n 2 (x,y)y. 

Mcz(y)=fc-i 

The boundary operator d satisfies d 2 = 0 and we have the Floer-Novikov homology groups 

ker dk 


HFNk([9),Q = t 


im d, 


’k+l 
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Remark 7 ([GG14]). The pair-of-pants product is not defined on the "non-contractible " 
Floer-Novikov homology for an individual class (. Such a product between HF^f[6], Ci) 
and HF*([0\, ( 2 ) takes values in HF*{\6\, Ci + <( 2 )- 

2.5.1. The Filtered Floer-N ovikov homology. The total chain Floer complex Cf —: q{~ 00 ' 00 ') 
admits a filtration by M. Let S be the set of critical values of the functional A (dehned 
in (2.13)) which is called the action spectrum of {ft}- For each b G (— 00 , 00 ] outside S, 
the chain complex d °°' 6) is generated by lifted loops x with action A{<f, t }(x) less than b. 
For —00 < a < b < 00 outside S, set 

(j(a,b) (j(~°°’b) I(j (~°°! a ) 

The boundary operator d: C* —> 1 descends to C} a,b ' > and hence the filtered Floer- 

Novikov homology FtFN{ a ’ b \d t ,( ) is well dehned. 

This construction also extends to all symplectomorphisms in Symp 0 (M, of) (see [BH01, 
Sections 3 and 4]). For a path {fit} connecting an arbitrary fi G Symp 0 (M, uj) to the 
identity, set 

HFN^ b \9 u fi ): = HFN^ b \6' t , C) (2.19) 

where 6t is the 1-form associated with the path {fit} and 9[ is the 1-form associated with a 
non-degenerate perturbation {fit} of {fit}- Here —00 < a < b < 00 are outside the action 
spectrum of {fit}- 

Remark 8. Considering Remark f 1 and Remark 5, observe that the filtered Floer- 
Novikov homology when £ = 0 is a shift of the standard grading and filtration in the 
(contractible) Floer-N ovikov homology (considered in [Ono06],). 

2.6. Novikov rings and quantum homology. In this section we introduce the Novikov 
rings used in this paper in order to define the quantum homology and the quantum product 
action. Here we follow [GG14] and references therein. 

2.6.1. The Novikov ring A and quantum homology with coefficients in A. Consider the 
Novikov ring A := A(T, [cu],F) associated with T and the weighting homomorphism 
[u;]: r —» F with values in the field F = Z 2 (see [HS95]). Here the group F is the 
quotient 

r . = MM) 

ker ci D ker[w] 

where [a;]: ir 2 (M) -E M and Ci: tt 2 (M) —> Z are the maps given by the integration of 
the corresponding 2-forms. These maps descend to T. When M is strictly monotone, 
the Novikov ring A may simply be taken to be the group algebra F[T] over F. Moreover, 
in this case, the group T is isomorphic to Z and denote by Aq the generator of T with 
Ci(A 0 ) = —2c™ m . Furthermore, an element in A = F[T] is a formal finite linear combi¬ 
nation of aAe A , with a a € F and A e T, and A is graded by setting deg(e A ) = — 2ci(A) 
with A G T. Hence, setting q = e A °, we have deg(g) = —2c™ m and A = F [q, q ~ 1 ], 

The quantum homology of M is dehned as 

HQfiM) = HfiM)® A 
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where the degree of a generator a <g) e A , with a G HfiM) and A G T, is deg(a) + 2c\(A). 
The product structure is given by the quantum product: 

a * (3 = * (3) A e A 

Aer 

where (a * (3) A g HfiM) is dehned via some Gromov-Witten invariants of M and has 
degree deg(a) + deg(/3) — 2 n + 2cfiA). Thus 

deg(a * (3) = deg(a) + deg(/3) — 2 n. 

When A = 0, (a * /3) o = a D /3, where fl stands for the intersection product of ordinary 
homology classes. 

It suffices to restrict the summation to the negative cone [a;] (A) < 0 and we can write 

a* (3 = aP\ f3 + ^(a * f3)kq k , 

k> 0 

where deg((a * f3)k) = deg (a) + deg(/3) — 2 n + 2 cfl m k and the sum is finite. 

The unit in the algebra HQ*(M) is the fundamental class [M\ and, for a G A and 
a G HfiM), 

act = ( a[M ]) * a 

where degree of aa is deg(aai) = deg(a) + deg(a). Then the ordinary homology HfiM) is 
canonically embedded in HQfiM). 

The map [a;]: T —>■ M can be extended to HQfiM) by 

[w](a) = max{[o;](y4) | a A 0} = max{— h 0 k \ 0} 

where a = Y) ct A e A = Y) a kQ k and it satisfies 

[w](a + /3) < max{[w](a), M(/3)} 

and 

[w](^*a) < [w](a) + [u](p). 

Example 2. Consider M = CP", a = [CP" x ] G H 2n _ 2 (M) and (3 = [pt] G H 0 (M) 
(where [pt] is the class of a point in CP"j. The fact that there is a unique line through 
any two points is reflected in the identity (f3 * a) A = [CP"] where cflA) = c™ in . Hence, in 
HQflC P") ; (3 * a = g[CP"]. Similarly, for M = CP" x E 9 > 2 , 

a = [CP"’ 1 x S g > 2 ] G H 2n {M) 

and 

(3 =[ptx S g > 2 ] G H 2 (M), 

the quantum product (3* a satisfies the homological condition (1.1). (See [MS12] for these 
and further computations.) 

Remark 9. The manifold CP" x £ 9 > 2 admits symplectomorphisms which need not be 
Hamiltonian diffeomorphisms and, as seen in Examples 1 and 2, satisfies the conditions 
on the manifold of Theorem 1.1. 

Observe that CP" also satisfies these conditions. However, CP" is simply connected and 
hence (see (2.10) ) has no symplectomorphism which is not a Hamiltonian diffeomorphism. 
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Let us also point out that there are symplectic flows on S g > 2 with only (finitely many) 
hyperbolic fixed points and no other periodic orbits (see e.g. [KH95, Exercise 14.6.1, Chap¬ 
ter 14] 

2.6.2. The Novikov ring A^. For a given homotopy class (, consider the Novikov ring 
:= A(T c ,g,F) associated with T^ (defined in (2.6)) and weighting homomorphism 
g: T c —>■ M (defined in (2.2)) with values in the held F = Z 2 . When the homomorphisms 
g and cf: HfiM] Z) —>• M are strictly toroidally proportional, the Novikov ring A^ may be 
taken to be the group algebra F[T^] over F. For all (, 



^-strictly toroidally proportional. 

Remark 10. When M is strictly spherically monotone, we have e™" < oo. In this case, 
by diagram (2.8), we have /m(7r 2 (M) —b Z) C Z) —4 Z). Hence cfi™ divides 

c“ and q = q(f with = cff m /cfff G N. Moreover, under the conditions of Remark 2 
we have q = q^. 

2.6.3. The quantum product action. We describe an action of the quantum homology 
HQfiM) on the filtered Floer-Novikov homology. We follow [GG14, Section 2.3] in the 
Floer-Novikov setting; see [L096, Section 3] for more details. 

Let <f be a non-degenerate symplectomorphism, J be a generic almost complex structure 
and [cr] be a class in HfiM). Denote by M.(x,y-,a ) the moduli space of solutions u of 
(2.16)-(2.17) that transform cappings as in (2.18) with x, y G and such that w(0, 0)Gu 
where a is a generic cycle representing [cr]. 

Then the dimension of this moduli space is 


dim M(x, y\ a) = p C z(x) - p C z(y) ~ codim(cr). 


Let m(x, y, a) G Z 2 be )(M.(x, y, cr) modulo 2 when this moduli space is zero-dimensional 
and zero otherwise. For any c, d fL S, there is a map 



induced by 



y 


This map commutes with the Floer-Novikov differential d and descends (independently 
of the choice of the cycle representing the class [cr]) to a map 



The action of a class a = q k [a] is induced by the map 



y 


( 2 . 20 ) 
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Recall that, by Remark 10, q = q'ff with G N. Then, in (2.20), the element q k x , with 
x = [x,n], is the lift [x,w] of x where w is obtained by attaching ku^A^ to v. 

The map <!>„ can be extended to all a £ ff» (M) 0 A by linearity over A and then we 
have 


4 >« : HFN^\e t X) HFNt c 2l‘ d ^ a) (0„O- 


Remark 11. Note that the map g: T^ —> M. extends to H* (M) 0 A as 


g(a) := max{— kv^h^ \ f 0} = max{— ku^hg \ a*. 0} 

where a = a kQ k — ■ The above equality follows from 

c min ^min 

"< h < = W~Fk h e = ~^ h e = 

°1 ,T l 1,T 

which holds by (2.9), Remark 10 and (2.5). 

We have 


( 2 . 21 ) 


g(a + (3) < max{^(a), g{f)} 

and 

g(a * (3) < g(a) + g(/3). (2.22) 

The maps <h Q , for all a G HQ*(M), give an action of the quantum homology on the 
filtered Floer-Novikov homology. 

This action has the following properties: 

$[M] = id 

and 


$/?$« = (2.23) 

Remark 12. Observe that in the multiplicativity property (2.23), in general, the maps on 
both side of the equality have different target spaces. We should understand the identity in 
(2.23) as that the followmg diagram commutes for any interval ( d , d ) with d > c + g(a) + 
g(/3 ) and d > c' + g(a) + g(/3): 


HFNi c ’ c '\0 t , C)-^ HFN 0’C')+eO) 


$(3*a 


*—2n+deg(o;) 


J6 U () 

*—2n+deg(p*a) \ 


( 0*0 


HFN 


(c,cf)+e(aL)+e{P) (A /o O/f \ 

—4n+deg(a)+deg(/3) v ^/ \ * / 




where the vertical and the bottom horizontal arrows are the natural quotient-inclusion 
maps whose existence is guaranteed by the choice of d and d and (2.22). 
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3. Proof of the main theorem 

3.1. The Ball-Crossing Energy Theorem. In this section, we state the theorem which 
corroborates the importance of the assumption on the hyperbolicity of the orbit 7 . See 
[GG14] for the original statement and proof of the theorem and a discussion on the result. 

Let 0 be a symplectomorphism (isotopic to the identity) on a symplectic manifold 
and fix a one-periodic in time almost complex structure J compatible with uj. 
For a closed domain £ C I x S], (i.e. a closed subset with non-empty interior), where 
S\ = K/fcZ, the energy of a solution u : £ —> M of the equation (2.16) is, by definition, 

E(u) j \d s u\ 2 g dsdt. 

Let 7 be a hyperbolic one-periodic solution of Z t in M and 7 G be a lift of 7 . 

A solution u : £ — > M of the equation (2.16) is said to be asymptotic to as s —> 00 
if £ contains a cylinder [s 0 , 00 ) x Si and u(s,t ) —» 7 k (t) C ,oc -uniformly in t as s —» 00 . 
Consider a small closed neighborhood U of 7 with smooth boundary. 

Theorem 3.1 (([GG14, Ball-Crossing Energy Theorem])). 

There exists a constant > 0 (independent of k and T,) such that for any solution 
u of the equation (2.16), with «(<9£) C dU and <9£ 7 ^ 0, which is asymptotic to as 
s —» 00 , we have 

E(u) > Coo. (3.1) 

Moreover, the constant c^ can be chosen to make (3.1) hold for all k-periodic almost 
complex structures (with varying k) C°°-close to J uniformly on M. x U. 

Remark 13. The assumption that the orbit is hyperbolic is essential in Theorem 3.1. 
For instance, there are "non hyperbolic" examples where the ball-crossing energy can get 
arbitrary small for arbitrarily large iterations k; see [GG14, Remark 3.4], 

3.2. Proof of Theorem 1.1. Let ( be the free homotopy class of the hyperbolic periodic 
orbit 7 . By passing, if necessary, to the second iteration assume 

df>: T 7 ( q)M —> T 7 (o)M 

has an even number of real eigenvalues in (—1, 0). Then there exists a trivialization of TM 
along 7 such that the mean index of 7 (and, since 7 is hyperbolic, the Conley-Zehnder 
index) is equal to zero. Moreover, add a constant to the associated hamiltonian Ed t (see 
( 2 . 11 )) so that the action of some lift of 7 is 

-4{«.}M = 0. (3.2) 

We reason by contradiction and suppose 0 has finitely many periodic points Xi,... , x m . 
Consider an almost complex structure J on M. Let U be a small closed neighborhood 
of 7 such that 0 has no periodic orbit intersecting U except 7 . By the Ball-Crossing 
Energy Theorem, there exists a constant > 0 such that, for all k , the energy of any 
solution of (2.16) of period k asymptotic to as s —» 00 is greater than c^. 
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For each i = 1,..., m, fix a reference loop z t in Q (e.g. take z t = xf) and consider a lift 
xl := [xi,vi\ G of Xi G where Q is the free homotopy class of Xj and v t is a 

cylinder connecting Xj to Z{. We have that 

a* := A {(f>t }(xt) (mod h Q ) in S\ g and Oj := ^ {0 t} (x7 ) 
are independent of the considered lift of x t . 

Remark 14. Observe that, for all i = 1 the difference between the actions of 

two lifts of Xi is a multiple of h^ when g is rational in the sense of (2.2). Since, for all 
i = 1,... ,m, the constant h e divides Iiq (recall (2.9 ) ) it follows that the difference between 
these action values is also a multiple of h g and hence A ( p t (xf) (mod h e ) is independent of 
the considered lift of x*. The fact that the second expression is independent of the lift of 
Xi follows from Remark 6. 

Take e, 8 > 0 sufficiently small so that 

2(e + 5) < \ Q and e < (3.3) 

and C a sufficiently large constant so that 

C > izrhg + ~^(n + 1)- (3-4) 

Then, by Kronecker’s Theorem (see e.g. [Apo90, Theorem 7.10]), there exists k such that 
for all i — 1 ,..., m 

\kai\\ he < e (3.5) 

and 

either |ctj| = 0 or \ka(\ > C. (3.6) 

where we denote by ||a||/j G [0, h/2] the distance from a G = M/hZ to 0. Observe 

that k depends on e (and 8) and C, hence it also depends on c^ and also on the fixed 

neighborhood U. 

Consider a non-degenerate perturbation <f>’ of cf k such that (2.19) holds and such that the 
Hamiltonian K associated with <// (in the sense of (2.11)) satisfies the following properties: 

(1) K coincides with H^ k on the neighborhood U, 

(2) K is fc-periodic and non-degenerate and 

(3) K is sufficiently C 2 -close to H^ k . 

Here, we consider K sufficiently C 2 -close to H^ k in order to have the existence of k such 
that for all x fc-periodic solution of K 

Kh (:E) lk <£ < 3/7 > 

and 

either |^ W ' } (x)| < 8 or |^' } (x)| > C (3.8) 

where .4^®, (x) stands for A^'^ix) mod h Q . Note that, as long as 8 < h e , conditions (3.7) 

and (3.8) follow from (3.5) and (3.6), respectively. Observe that if (j) k is non-degenerate, 
then we can take <f = <f k . 
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For any ^-periodic almost complex structure J sufficiently close to (the fc-periodic 
extension of) J 7 , all non-trivial fc-periodic solutions of the equation (2.16) for the pair (0', 
J ) asymptotic to as s —> oo have energy greater than c^. 

Lemma 3.2. [GG14, Lemma 4.1] Let r := C — ^(n + 1). The orbit^ k is not connected by 
a solution of (2.16) to any x G Vue with Conley-Zehnder index ±1 and action in (—t, r), 
where ( is the free homotopy class 0 / 7 . 

In particular, is closed in d T,T ' ) and 0 7^ [ 7 ^] G HFNj T ' T \6[, kCf). Moreover, 7 fe 
must enter every cycle representing its homology class py fc ] in HFN < F T ’ T \6[, k(f). 

Proof. Assume the orbit 7 * is connected, by a solution u of (2.16), to some x G Pk( with 
index p. CZi {x) = ±1 with action in (—r, r). 

Consider the first case in (3.8), i.e. \A^'x(x) | < 5: since 

i) lK^}(*)lk <e ( by 

ii) E(u) > Con > e (by Theorem 3.1 and (3.3)) and 

iii) A {4> > } (t) = 0 (by (3.2)), 
we have 

\ A {<i>' t }(x)\ > h s~ e - 

Then, by the definition of augmented action (2.15) and since 

i) (x) | < 5 and 

ii) 2(e + 6) < X e (by (3.3)), 
we have 

|A„;,(S)| > f(h ( - e - 6) > 2 c““ - > 2 c“" - 1 . 

The second inequality follows from h(/\ Q = c™ n and > cfft. Thus, by (2.14), 

| Fez (T) | > 2 c™“ — 1 — n > n + 2 — 1 — n = 1 

where the second inequality follows from the requirement that > n/2+1. We obtained 
a contradiction since Fcz(T) = ± 1 . 

Consider now the second case in (3.8), i.e. \A^yAx) | > C: by the definition of aug¬ 
mented action (2.15), we obtain 

|>W®)I > c-^|A{^}(x)| > C- y(n + l) =: r 

where the second inequality follows from the fact that | A {^ t } (x) | < n + 1 (which holds 
since /r cz (x) = ±1 and by (2.14)). Hence the action of x is outside the interval (—r, r) 
and we obtained a contradiction. □ 

The previous lemma also holds for qj k (where qx is as defined in Section 2.6.3) with 
the shifted range of actions (—r, r) — vrhg. For an interval (a, b ) containing the interval 
[— VtIiq, 0 ] and contained in the intersection of the action intervals (—r, r) and (—r, r) — 
Vxhg, Lemma 3.2 holds for both 7 fc and cpj k and the interval (a, b). 

Remark 15. Observe that the existence of such an interval (a, b ) is guaranteed by —r < 
— UThg < 0 < r — vrhg that follows from (3.4). 
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For the sake of completeness, we state this result in the following lemma. 

Lemma 3.3. The orbits j k and qf k are not connected by a solution of (2.16) to any 
x G VkQ with Conley-Zehnder index ±1 and action in (a, b) where 

[~u T h e , 0] C (a, b ) C (- t , r) fl (-r - u T h g , r - u T h e ). 

In particular, and cff k are closed in d a ’^ and [ 7 *] 7 ^ 0 7 ^ [g 7 fc ] G HFNi a ' b \d[, kQ. 
Moreover, the orbits 7 fe and q^ k must enter every cycle representing their homology 
classes, respectively [y fc ] and [qy k ], in HFN* a ’ b \9' t ,k(f). 

Recall that, by (3.7), all periodic orbits of <f>' have action values in the e-neighborhood 
of h g Z. The next lemma yields a contradiction and the main theorem follows. 

Lemma 3.4. [GG14, Lemma 4.2] The symplectomorphism ff has a periodic orbit with 
action outside the e-neighborhood of hJL. 

Proof. For ordinary homology classes a, /3 G H*(M) with deg(a), deg(/3) < 2 n as in the 
statement of Theorem 1.1, consider $, 3*0 ([7 fc ]) as an element of the group HFN* a,b \6' t , £) 
with (a, b) as in Lemma 3.3. Since (3 * a = q[M\, it follows, by (2.23) and (2.24), that 

*/>*«([ 7*]) = <W[7l) = %lM]([l k }) = q* m ([ 7*]) = Q[ 71- 

Take a and 1 ] generic cycles representing the ordinary homology classes a and j3, respec¬ 
tively. The chain ^^(y^) represents the homology class g[y fe ] and hence the orbit qy k 
enters the chain < F f? < F (7 ( 7 fc ) (by Lemma 3.3). Recall that q[x,v] is the class [x,w\ where 
w is the cylinder obtained by attaching to v. Hence (see Figure 3), there exists an 
orbit y in connected to y fc and gy fc by trajectories which are solutions of (2.16). 

By the Ball-Crossing Energy Theorem, (3.3) and 

(!) ^,( 7 *) = 0 
( 2 ) 'Vj(97*) = ~vtK< 

we obtain 


-e > A {<j>t }(y) > -u T h e + e. (3.9) 

The fact in point 2 follows from giy^A^) = —Vk(hk( — ~^Thg where the second equality 
holds by (2.21). 

Let us consider the two cases in assumption (1.2) of the main theorem. Namely, first 
assume c™ in = e™ (i.e., u T = 1). In this case, we obtain, by (3.9), that the action value 
of y is outside the e-neighborhood of h e Z: 

-e > A { 4 > > t} (y) > -h e + e. 

Now, assume deg(a) >3 n — 2+ 1. As above, we distinguish the two cases in (3.8): 
< 5 and A{y t }(y) > C. Firstly, when A{y t }(y) < S, assume A { y t} (y ) is in the 
e-neighborhood of h e Z. Then (3.9) implies that 

A{^' t }(y) < ~h g + £. 
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Orbit 


y 


_ u 

q'y 


This condition and the fact that the augmented action is less than S give the following 
upper bound for the mean index of y 

+ e + 5). 

The right hand side of the inequality is equal to —2+ j-(e + h) (by (2.4)) and, by the 
choices in (3.3), it is less than —2c™“ + 1. 

Moreover, since 7 is a hyperbolic periodic orbit and /i cz (y) = /r cz (7 fc ) —2 n + deg(a), 
we have 

ficz (y) = -2 n + deg(a) (3.10) 

which implies, by (2.14), that deg(a) <3 n — 2+ 1 which contradicts our hypothesis. 
Before we consider the second case in (3.8), observe that the mean index of y is bounded 
from above by n + 1: 

A( 17 ) <n + l. (3.11) 

This follows from (2.14), (3.10) and our assumptions on the degree of the homology class 
a. Now, when A^iy) > C, we have \A {cj) ’ t }(y)\ > C - ^|A(j/)|. Then, by (3.4), 

I A {<j) > t} (y)\ >C - y |A(y)| > v T h e 
which is impossible due to (3.9). 

□ 



Action 

0 


e-neighborhood of 0 


— h 0 \ e-neighbor hood of — h e 


Figure 3. The orbit y. 
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